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ABSTRACT. Dynamical quantum groups were introduced by Etingof and Varchenko in connec- 
tion with the dynamical quantum Yang-Baxter equation, and measured quantum groupoids were 
introduced by Enock, Lesieur and Vallin in their study of inclusions of type II i factors. In this 
article, we associate to suitable dynamical quantum groups, which are a purely algebraic objects, 
Hopf C* -bimodules and measured quantum groupoids on the level of von Neumann algebras. 
Assuming invariant integrals on the dynamical quantum group, we first construct a fundamental 
unitary which yields Hopf bimodules on the level of C*-algebras and von Neumann algebras. 
Assuming properness of the dynamical quantum group, we then lift the integrals to the opera- 
tor algebras. In a subsequent article, this construction shall be applied to the dynamical SU ? (2) 
studied by Koelink and Rosengren. 
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Introduction 

Dynamical quantum groups were introduced by Etingof and Varchenko as an algebraic frame- 
work for the study of the dynamical quantum Yang-Baxter equation (6l|7j[8l, a variant of the 
Yang-Baxter equation arising in statistical mechanics. Every (rigid) solution of this equation has 
a naturally associated tensor category of representations which turns out to be equivalent to the 
category of representations of some dynamical quantum group. In the case of the basic rational 
or basic trigonometric solution, this dynamical quantum group can be regarded as a quantiza- 
tion of the function algebra on some Poisson-Lie-groupoid. In general, it can be regarded as a 
quantum groupoid and fits into the theory of Hopf algebroids developed by Bohm and others 

ID. 

Measured quantum groupoids were introduced by Enock, Lesieur and Vallin UM to capture 
generalized Galois symmetries of certain inclusions of type II i factors (5l|4j[T6l. Apart from 
this fundamental example in von Neumann algebra theory, which was also considered in the 
algebraic setting JHHQl, and from the finite case, only few measured quantum groupoids have 
been constructed and investigated yet lTT4ll29l . 

Up to now, connections between algebraic and operator-algebraic approaches to quantum 
groupoids have only been explored in the finite case |[T5l [T8l l28l and in the form of a few 
examples and constructions that exist on both levels. The situation is very different in the area of 
quantum groups, where Woronowicz's theory of compact quantum groups ll33l and van Daele's 
theory of multiplier Hopf algebras with integrals liT3l I3T1 form a bridge between the algebraic 
and operator-algebraic approaches, combining the computational convenience of the former with 
the power and richness of the latter. 

In this article, we associate to suitable dynamical quantum groups, which are purely algebraic 
objects, Hopf C*-bimodules and measured quantum groupoids on the level of von Neumann 
algebras. The main example of a dynamical group we have in mind for application is the dy- 
namical S\J q (2) studied by Koelink and Rosengren ifTOl . and in a subsequent article, we want to 
study the construction for this example in detail. 

On the dynamical quantum groups, we have to impose several assumptions. 

First, we need a left- and a right-invariant integral, which correspond to fiber-wise integration 
on a groupoid, and a weight on the basis that is suitably quasi-invariant, such that the resulting 
total integrals are faithful, positive, and coincide. In the case of the dynamical SU ? (2), the left- 
and right-invariant integrals can be obtained from a Peter- Weyl decomposition due to Koelink 
and Rosengren IfTOl . while the quasi-invariant weight on the basis can be chosen quite freely. 

Second, we assume the dynamical quantum group to be proper and to possess a specific 
approximate unit in the base algebra, which is the natural analogue of compactness and unitality 
for quantum groupoids. The dynamical S\J q (2) even is compact and thus satisfies this condition 
as well. 

Third, we assume that the quasi-invariant weight on the basis admits a bounded GNS -con- 
struction. Like the first condition, this one is very natural. In the case of the dynamical S\J q (2), 
the base algebra is formed by all meromorphic functions on the plane and does not admit any 
non-trivial bounded representations. To apply our construction, one therefore will have to change 
the base and check that the Peter- Weyl decomposition persists. 

Given these assumptions, the measured quantum groupoid is constructed as follows. 

The algebraic GNS -construction, applied to the total integral on the dynamical quantum 
group, yields a Hilbert space of square-integrable functions on the dynamical quantum group 
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together with a natural representation by multiplication operators. To obtain a C* -algebra or von 
Neumann algebra, one has to show that these multiplication operators are bounded. To prove 
this and to lift the comultiplication to the resulting C* -algebra and von Neumann algebra, we 
proceed as in the case of quantum groups 1241 and construct a fundamental unitary which is 
pseudo-multiplicative on the level of von Neumann algebras and C* -algebras in the sense of 
GTI and E51 . respectively. The general theory of these unitaries then yields completions of the 
dynamical quantum group in the form a Hopf C*-bimodule and a Hopf von-Neumann bimodule, 
and simultaneously a Pontrjagin dual in the same form. Finally, we extend the invariant integrals 
to the level of operator algebras, using properness of the dynamical quantum group and standard 
von Neumann algebra techniques. 
This article is organized as follows. 

Section Q] provides the algebraic basics on dynamical quantum groups and integration that 
are needed for the construction in Section 12 We first generalize the definition of a dynamical 
quantum group or h-Hopf algebroid, allowing the base to be non-unital, then consider left- 
and right-invariant integrals on the total algebra and quasi-invariant weights on the basis, and 
finally construct a *-algebra related to the Pontrjagin dual. The main result of this section is 
the existence of a modular automorphism for the total integral, which follows from a strong 
invariance property similarly as in the setting of multiplier Hopf algebras OTTl . 

Section [2] presents the construction of the measured quantum groupoid outlined above. It 
uses Connes spatial theory, in particular the relative tensor product of Hilbert modules, and the 
C* -algebraic analogue of that construction ll23Tl . and introduces the necessary concepts along the 
way when they are needed. 

We use standard notation and adopt the following conventions. 

All algebras will be over the ground field C and we do not assume the existence of a unit 
element. Given a vector space V with a subset X C V, we denote by (X) C V the linear span 
and, if V is normed, by [X] C V the closed linear span of X. Inner products on Hilbert spaces 
will be linear in the second and anti-linear in the first variable. 

1. Dynamical quantum groups with integrals on the algebraic level 

This section summarizes and develops the basics on dynamical quantum groups and integra- 
tion used in this article. Before turning to details, let us outline the main concepts. 

A dynamical quantum group is a special quantum groupoid and as such consists of an algebra 
B called the basis, an algebra A, commuting inclusions r,s: b(°p) — > A, and a comultiplication, 
antipode and counit which are in some sense fibered over r and s. What makes it special is that 
the basis B is commutative, that r{B) and s{B) are central in A up to a twist which is controlled by 
an action of a group r on B and a bigrading of A by T, and that the target of the comultiplication 
is given by a nice monoidal product. 

Integration on a quantum groupoid involves several ingredients. The analogue of the left- 
or right-invariance property of Haar measures on groups, Haar systems on groupoids, and Haar 
weights on quantum groups can be formulated for maps A — > B that are linear with respect to 
r(B) or s(B), respectively. To obtain a total integration A — > C, such a partial integral A — >■ B has 
to be composed with a suitable functional B — > C that has to be compatible with the action of T. 

Let us now turn to details. We proceed as follows. 

From the beginning, we assume all our algebras to possess an involution but not necessar- 
ily a unit. We first recall terminology concerning non-unital algebras 1. lb . then describe the 
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monoidal category where product A<gA is taken in ( 91.2I ). and define dynamical quantum groups 
or, more precisely, multiplier (fi,T)-Hopf *-algebroids 1.3b - Afterwards, we introduce and 
study integrals ( 91.41) and prove the existence of a modular automorphism that controls the de- 
viation of the total integral from being a trace ( 91.5I ). Using integration, we finally construct the 
dual *-algebra of a multiplier (fi,T)-Hopf *-algebroid (CG3>. 

1.1. Preliminaries on non-unital algebras. To handle non-unital algebras, we use extra non- 
degeneracy assumptions and multiplier algebras [30, appendix] which are recalled below. 

Let R be an algebra, not necessarily unital. Given a left /^-module M, we say that R has local 
units for M if for each finite subset F CM, there exists some r G R such that rm = m for all 
m G F 11321 . The corresponding notion for right /^-modules is defined similarly. We say that R 
has local units if it has local units for R, regarded as a left and as a right /^-module. 

Let R and S be algebras with local units, let N be an 7?-S-bimodule and assume that 7? and S 
have local units for N. A multiplier of N is a pair T = (Tr, T$), where Tr : R —¥ N is a left R- 
module map and T$ : S — >■ N a right S-module map satisfying TR(r)s = rTs(s) for all r G R, s G S. 
Given such a multiplier, we write rT := Tr(t) and Ts : = T$(s) for all r G R, s G S. We denote the 
set of all multipliers of N by M(N). Clearly, N embeds into M(N) and M(N) carries a natural 
structure of an 7?-»S-bimodule that is compatible with this embedding. 

Regarding R as an 7?-/?-bimodule, M(R) becomes an algebra via r{TT') := (rT)T' and (TT')r := 
T(T'r), and R embeds into M(R) as an essential ideal. If R is a *-algebra, then so is M(R), where 
rT*r' = (/Tr*)* for all r,r' £ R,T G M(R). 

The bimodule N becomes an M(/?)-M(5)-bimodule via r'(rns)s' := (r'r)n(ss') for all r' G 
M(R),r G R,n G N,s G S,s' G Af(5), and M{N) is an M(#)-M(S)-bimodule via r(r'Ts') := 
((rr')T)s' and (r'Ts')s = r'(T(s's)) for all r£R,r' G M(R),T G M(N),s G S,s' G M(S). 

A homomorphism Ji: R — > M(S) is non-degenerate if (n(R)S) = S = (Sn(R)); in that case, it 
extends uniquely to a homomoiphism M(R) — > M(S) which is again denoted by 71 (see Q). 

1.2. The category of (B,r) ev -algebras. Let B be a commutative *-algebra with local units, let 
r be a group that acts on B on the left, and let e G T be the unit. 

A (B ,r) -module is a T-graded B-bimodule V = ©y e r^y f° r which B has local units, where 
each Vy is a B-bimodule and vb = j(b)v for all v G Vy, b G B, y G T. A morphism of (B, r)-modules 
V and W is a morphism of T-graded B-bimodules. 

A {B,T)-algebra is a T-graded *-algebra A = 0y e rAy which has local units in A e and is 
equipped with a * -homomorphism B — > M(A) that turns A into a (B,T)-module. Such a (B,T)- 
algebra is proper if B maps into A. 

Given a (B,T)-algebra A and y G T, we denote by M(A)y C M(A) the space of all multipliers 
T G M(A) satisfying TAy C A^ and Ay T C Ay y for all y* G T. 

A morphism of (fi, T)-algebras A and C is a non-degenerate, B-linear *-homomorphism 71 : A — > 
M(C) satisfying 7t(Ay) C M(C)y for all y G T. Such a morphism is proper if it maps A into C. 

Using the extension of non-degenerate homomorphisms to multipliers, one defines the com- 
position of morphisms and checks that (B,T)-algebras form a category. 

The tensor product B <S> B is a *-algebra with local units and a natural action of T x T. Re- 
placing (fi,r) by (B,T) ev := (B^>B,Fx T) in the definition above, we obtain the category of all 
(S,T) ev -algebras. 

Let A be a (B, T) ev -algebra. We call an element x G A homogeneous and write d x = y, d x = y* 
if x G A y y for some y,Y G T. Thus, 3^3 y = d xy , d x d y = 3^, and 3^* = 3" 1 , 3^* = d x l for all 
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homogeneous x,y G A. Define r = r A : B — > M(A) and s = s A : B — >■ M(A) by r(ft)a = (ft ® l)a 
and s(ft)a = (1 (g)ft)a for all a G A, ft G B. We write r A,A r , s A,A s if we consider A as afi-module 
via left or right multiplication via r or s, respectively. 

Clearly, B is a (B,r)-algebra and B(g>B is a (B,r) ev -algebra with respect to the trivial grad- 
ings. Every (B,r)-algebra A can be regarded as a (B,r) ev -algebra, where A( yy ) = Ay and 
A( T y) = whenever y / y 1 , and (b<g>b')a = bb'a for all ft, ft' € B, a € A. Conversely, every 
(fi, r) ev -algebra A can be considered as a (fi, T)-algebra via r : B — > M(A) and the grading given 
by Ay := 0y A y y , or via s: B — > M(A) and the grading given by Ay := 0yA Yj y . We write (A, r) 
and (A,s), respectively, to denote the resulting (B,r)-algebras. 

Denote by B x F the crossed product for the action of F on B, that is, the universal algebra 
containing B and F such that e = l B and by- b'y" = by(b')f{ for all ft, ft' € B, y,Y € T. This is 
a (B,r)-algebra with respect to the natural inclusion B^BxT and the involution and grading 
given by (by)* = y^b* and (B x F) y = By for all ft € B, y G F. 

The fiber product of (fi,r) ev -algebras A and C is defined as follows. The subalgebra 

r V 

A<g>C:= 2^ A y,i ® c i,f CA®C 
Y,y,fer 

is a (B,r) ev -algebra, where 3 a8c = d a , d a ® c = d c for all a G A, c G C and (rxs)(b®b') = r A (b)® 

r 

scO') for all ft, ft' G B. Let / C M(A <g) C) be the ideal generated by {s A (ft) ® 1 - 1 ® r c (ft) : ft G 
B}. Then the quotient 

A®C:=A®C/(I(A®C)) 

is a (B,r) ev -algebra again, called the fiber product of A and C. Write a®c for the image of an 
element a® cm A(g>C. 

The assignment (A,C) >->■ A<g)C is functorial, associative and unital. Indeed, for all morphisms 
of (B,r) ev -algebras 71 1 : A 1 -> C 1 , 7I 2 : A 2 -> C 2 , there exists a morphism 

(1) 7T 1 c§)7i: 2 : A l ®A 2 — > C^C 2 , ai<g>a 2 ^ X 1 (ai)®% 2 (a 2 ); 
for all (fi,r) ev -algebras A,C,D, there exists an isomorphism 

(2) (A<§)C)<8>£->A<8>(C<§)Z>), (a®c)®d^a<g)(c<g)d), 
and for each (B,r) ev -algebra A, there exist isomorphisms 

(3) (Bxr)®A->-A, by®a^r(b)a, A®(B x T) ->• A, a<t>ftyi->- s(b)a. 

These isomorphisms are compatible in a natural sense and endow the category of (B,r) ev - 
algebras with a monoidal structure. From now on, we shall use them without further notice. 

The category of (B,r) ev -algebras carries automorphisms (— ) op and (— ) co such that for each 
(fi,T) -algebra A and each morphism <|): A — > C, we have A co = A as an algebra, A op is the 
opposite *-algebra of A, that is, the same vector space with the same involution and reversed 
multiplication, and 

(4) (A op ) Yi y =A r i y -i for all yf G F, r A o P = r A , s A <v = s A , <^° p = <t>, 

(5) (A C0 )y iY = Ay iY for all y, y 1 G F, r A co = s A , s A co =r A , (j) co = f 
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These automorphisms are involutive and commute, that is, 

(-)°Po(-)°P=id, (-) co o(-) co = id, (_)°p (-) co = (-) co o(-)°p. 

Furthermore, they are compatible with the monoidal structure as follows. Given (B,T) -algebras 
A,C, there exist isomorphisms (A(g)C) op -4 A op <t>C op and (A(g>C) C0 -> C co ®A co given by a<g)c 1-4 
a(§)c and a(g>c i-> c<§>a, respectively. Moreover, (B x r) co = B x T, there exists an isomorphism 
S By>T : B x r — > (B x r) op , byi-^y~ l b, and all of these isomorphisms and the isomorphisms in 
(© and © are compatible in a natural sense. 

1.3. Multiplier (B,r)-Hopf *-algebroids. We shall work with variants of the h-Hopf alge- 
broids and (B,r)-Hopf *-algebroids considered in flT] [TOl and 11221 . respectively, where the basis 
need no longer be unital. These variants consist of a (S,r) ev -algebra and a comultiplication, 
counit and antipode, which will be introduced one after the other. To quickly proceed to the 
main part of this article, we postulate all the usual properties of these maps as axioms and leave 
a study of the axiomatics for later. 

Given a (B, r) ev -algebra A, we denote by M(A<gA) C M(A<gA) the set of all T G M(A<§A) for 
which all products of the form 

T{x®\ M{A) ), {x®\ m{ a))T, T(\ M{A) ®y), i}M{A)®y) T 

where x G A y e , y G A e>y ,y G T, lie in A(§)A. Evidently, M(A®A) is a *-subalgebra of M(A®A). 

1.3.1. Definition. A comultiplication on a (B,F) ev -algebra A is a morphism A from A to A®A 
satisfying A(A) C M(A(§)A) and (A® id) o A = (id®A) o A. A (proper) multiplier (B,r)-*-bial- 
gebroid is a (proper) (B ,T) ev -algebra with a comultiplication. A morphism of multiplier (5,1")- 
*-bialgebroids (A,Aa), (5,A#) is a morphism § from A to B satisfying A#o(j) = ((|)®(|)) oA^. 

Let (A, A) be a multiplier (5,r)-*-bialgebroid. We adopt the Sweedler notation and write 
H a ) = 2Z«(i)<§>«(2) 7 (A®id)(A(a)) = £a(i)®a(2)®«(3) = (id®A)(A(a)) 

and so on for each a G A. In general, am and am do not stand for elements of A because A(a) 
need not lie in A®A, but only in M(A®A). Therefore, this notation requires extra care; see 
If30l 1321 for a detailed explanation in the context of multiplier Hopf algebras. 

We shall need to form products of the form A(je)(1 ®y) or (y ® l)A(jt) when d y ^ e or d y ^ e, 
respectively, which are defined as follows. The multiplication on A® A induces a canonical 
A<g>A -A ®A-bimodule structure on v A® r A, and a canonical A ®A-A ®A-bimodule structure on 

B 

A s ® A r . We thus obtain natural maps S M(A) ® ,-M(A) -4 M(. S A ® ,A) and M(A) s ®M(A) r ->■ 

B B B B 

M(A S ® A r ) and define 

B 

7i: A. ? (g) s A ^- 4 A(g) r A, x®y 1-4 A(*)(l ®y) = Y J X( 1 )®X( 2 )y, 

ODD D ™" * / D *• ' 



T 2 : A r <g),A — )• A s ®A r , x®y 1-4 (;t®l)A(y) = £-*y(i) ®y(2)> 

B B B B B 

1.3.2. Definition. A counit /or a multiplier (B ,T)-*-bialgebroid (A, A) £j a proper morphism of 
(5 , r) ev -algebras £ : A — >• 5 x F satisfying (e® id) o A = id^ = (id ®e) o A. 

Let (A, A) be a multiplier (5,r)-*-bialgebroid with counit £. Using the linear maps 

tt: 5xT^5, £o Y Y^£o Y , b: 5xT^5, £> T ^I>y> 
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we define £*,£ b : A— s-fibys' :=Jjo£and£ b :=bo£. Define m r : A r ® r A — > A and m s : A,®,A->A 
by EjJCi^yi h-> Y,ixm- 

B 

1.3.3. Remarks. i) Clearly, £(A y y) C (B xi r) Ti y = whenever y,y G T and y ^ y. 

ii) If e' is a counit as well, then £ = £ o (id <§>£') o A = e' o (e® id) o A = e'. 

iii) The condition (e® id) o A = id^ = (id ®e) o A is equivalent to the relations 

E r ( £ ' ) ( x (i))) x (2)3 ; = ^ = L^V(i)5(£ !, (v(2))) for allx,y GA, 
and hence to commutativity of the diagrams 



Ao®oA s-A, A r ®w4 9- A. 

Furthermore, this condition is equivalent to the relations 

£xy ( 2)K£ b (y(i))) = *y = Y, s ( ei ( x (2))) x (i)y for allx,y GA. 
The definition of the antipode involves the isomorphism 

Oaa : (A®A) co ' op -> A co ' op ®A co < op , x®y y®x. 

1.3.4. Definition. An antipode/or a multiplier (B ,F)-*-bialgebroid (A, A) with counit £ is an 
isomorphism S: A — > A co ' op of (B ,T) ev -algebras that makes the following diagrams commute: 

A S ® S A ^ S A ® r A , A r ® r A — ~-^A s ®A r , 

B B B B 

e b (g)id I I 5®id id^e* I I id OS 

A -< A, ® r A A -< Ac ® S A 

A ^ A C0 '°P 



op 



A I |a co 
A®A A co.op^ A co,op ( A ^ A )co,o P> 

A multiplier (B,r)-Hopf *-algebroid jj a multiplier (B,F)-*-bialgebroid with counit and an- 
tipode. 

1.3.5. Examples. i) The tensor product 5®5 is a multiplier (B,r)-Hopf *-algebroid, 

where A(b ®b') = (b® 1)®(1 ® b'), z{b®b') =bb' ,S(b®b') = b' ® b for all b,b' G B. 
ii) The crossed product B x T is a multiplier (B,r)-Hopf *-algebroid, where A(by) = 
&y®y = y®6y, £ = id and S(yb) = by~ x for all b G B,y G T. 

Given an antipode 5 on a multiplier (B,r)-*-bialgebroid (A, A) and an element a G A, we 
shall henceforth always regard 5(a) as an element of A and not of A co op . 

1.3.6. Remarks. Let (A,A,e,5) be a multiplier (B,r)-Hopf *-algebroid. 

i) In S weedier notation, commutativity of the diagrams in Definition 1 1 . 3 .4 1 amounts to 

(6) £s(x (1) )x (2) ;y = s{e b (x))y, £xy (1) 5(y (2) ) = xr(£ tt (y)) for all x,yG A, 

(7) £s(x (1) )®S(x (2) )=£,S(x) (2) ®S(x) (1) forallxGA. 
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ii) If S' is an antipode as well, then S' = S because for all x,y,z G A, 

xS{y)z = S{yS- 1 (x))z = £s(s(e f (y {2) ))y ^ (x))z 

= Y j S{y {2) S-\x))r^{y (2) ))z 

= Y^S(y {l) S-\x))y {2) S'{S'-\z)y {?) )=xS'(y)z. 

For every multiplier (B,r)-Hopf *-algebroid, the maps T\ and T 2 defined above are bijections. 

1.3.7. Proposition. Let (A, A) be a multiplier (B ,T)-*-bialgebroid. If (A, A) has a counit £ and 
an antipode S, then the maps T\ , T 2 are bijective and for all x,y G A, 

T-\x®y)=Y,x {1) ®S{S-\y)x {2) ), T 2 -\x®y) = ^SG^S" 1 ^)) ®y (2 )- 

B B B B 

Proof. We only prove the assertion concerning 7\. One first checks that the formula given for 
rr 1 yields a well-defined map 77 : s A® r A — > A,® S A, and then that for allx,j G A and w,v G A ee , 

B B 

(u®v) ■ (TioT()(x<giy) = Y,ux{i) ®wc(2)S(S , ~ 1 () ; )*(3)) 
= £wx (1) ®vx(2)S(x (3 )).y 

= £wx (1) ®vr(e ti (x(2)))3 ; = Y, us ( e H x (2))) x (i) ®vy = ux®vy, 

B B B 

(w®v) • (T/oTi)^®};) = £mx (1) ®v5 , (5 ,_1 (x(3)y)x( 2 )) 
= ^jo: (1) ®v5(x(2))x(3)j 

= ^MX(i) ®Vs(£ b 0c( 2 ))).y = ^M^ (1 ).s(e b (X(2))) ®VJ = MX®VV. □ 
B B B 

As in the case of multiplier bialgebras or Hopf algebroids, this result should have a converse. 

1.4. Integrals. The definition of integrals involves slice maps of the following form. Let (A, A) 
be a (6,r) ev -algebra and let (|): (A,r) — > B be a morphism of (5,1") -modules. Then there exists 
a unique linear map id ®(j) : M(A®A) — » M(A) such that 

((id(84)(T))a= (id®4>)(r(a®l)), a((id®ty)(T)) = (id®4>)((a® 1)T) 

B B 

for all T G M(A®A) and a G A, where we regard r(a® 1) and (a ® l)T as elements of S A ® r A 

B 

and A v ® A,., respectively. In the case T = A(x) for some x G A, 

B 

(8) (id®(j))(A(x))a = ^5((j)(x (2 )))x ( i ) a, a(id®<|>)(A(x)) = £ax (1) j(<|>(x(2)))- 

Likewise, every morphism \|/ : (A, 5) — >■ B of (B, r)-modules yields a slice map \|/® id : M(A®A) — >■ 
M(A). 

1.4.1. Definition. Let (A, A) &e a multiplier (B,F)-*-bialgebroid. 

A morphism of (B,F)-modules (j): (A,r) — >• fi is left-invariant or a left integral on (A, A) if 
(id®(j)) o A = r o(|). A morphism of (B,F)-modules \|/: (A, 5) — >• 6 is right-invariant or a right 
integral on (A, A) ?/(\|/®id) oA = so\|f. 

A morphism of (B , T) ev -modules h: A — > B ® B « bi-invariant or a bi-integral o« (A , A) j/ 7 / := 
kerh satisfies A(/)(l®A e)£ ) C 7®A a«ci A(/)(A g)e ®l) CA®7. Such a bi-integral is normalized if 
(A, A) w proper and h{r{b)s{b')) = b®b' for all b,b' G B. 
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1.4.2. Remarks. i) In S weedier notation, the invariance conditions on (j) and \|/ become 

y\ j((|)(x(2)))x(i)a = r(ty(x))a, VaX(2)r(\]/(xm)) = as(\\f(x)) foraila,x€A. 

ii) If (A,A,e,5) is a (B,r)-Hopf *-algebroid, then the map (j) i-> (j)oS gives a bijection 
between left and right integrals on (A, A). This follows easily from (0. 

Every normalized bi-integral on a proper multiplier (B,r)-*-bialgebroid yields left and right 
integrals and is a Haar functional in the sense of ifTOl : 

1.4.3. Proposition. Let (A, A) be a proper multiplier (B ,F)-*-bialgebroid with a normalized 
bi-integral h. 

i) (]) : = (id <g>/ii) oh is a left and \|/ := (/i ® id) o h is a right integral for each linear p.: B — > C; 

ii) (id<8>mflo/i) oA = h = (msoh§)id)oA, wherem^: B ® B — >• B denotes the multiplication. 

Proof. We only prove the assertion concerning (j) and the first equation in ii). 

Let co: (A,r) — > B be a morphism of -modules sending / := kerft to 0. Then 

(id®co)(A(/))A ee = (id®co)(A(/)(A ee ®l)) C (id ®oo) (A ® /) = 

B ' B B 

and hence (id®Cfl)(A(/)) = 0. Moreover, if b,b' ,b" € B and u € A e>e , then 

(id®co)(A(r(ftWft'))Wft'> = (id®co)(r(ftWft'> ® s(ft')) = r(b)s((a(s(b')r(b")))u. 

B B 

For co equal to (j) := (id®//) oft or co = mj oft, these calculations imply for all a € / and ft, ft' € B 

(id&4>)(A(a)) = = r(4>(a)), (id®^)(A(r(ft)^(ft'))) = Kft^ft')) = 

(id®m B oft)(A(a)) =0 = ft(a), (id®m B oft)(A(r(ft>(ft'))) = r(b)s(tf) = h(r(b)s(b')). 

Since A = I + r(B)s(B), we can conclude (id®(j)) o A = r o(j) and (id®mg oft) o A = ft. □ 

Integrals on multiplier (B,r)-Hopf *-algebroids satisfy the following strong invariance con- 
dition: 

1.4.4. Proposition. Let (A,A,e,S) be a (B,F)-Hopf algebroid. Then 

i) (id®(|>)((l®z)A(x)) = 5((id®(j))(A(z)(l®x)))/or every left integral (j) and all x,z € A; 

B B 

ii) (\|/®id)(A(x)(z®l)) = 5((\if®id)((x®l)A(z))/or every right integral \|f and allx,z 6 A. 

B B 

Proof. Using Sweedler notation, we calculate 

£*(i)j(«Kz*(2))) = L- X (i)^( ( t , (z(2)''(e ! '(z(i)))^(2))) 

= E-s(e l '(Z(l))>:(i)j(4>(«(2)X(2))) 

= L 5 ( Z (l)) Z (2) JC (l) J ( ( t ) ( Z (3) X (2))) = L^(Z(l))K ( t'(Z(2)^))' 
£r(\|/(x (1)Z )x (2) = £r(\|/(x (1) s(£ t) (z (2) )) Z(1) ))x (2) 

= £KV(*(1)Z(1)))W( £ "( Z (2))) 

= £r(\|/(x (1) z (1) )x (2) z (2) 5(z (3) ) = s(\|/(xz (1) ))S(z (2) ). □ 
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1.5. Quasi-invariant weights. To obtain a total integral A — >■ C for a multiplier (B,r)-*-bial- 
gebroid (A, A), we need to compose left or right integrals with suitable maps B — > C as described 
below. 

We briefly recall some terminology. Let C be a *-algebra with local units. A linear map is 
fi: C — >■ C is faithful if p.(Cc) = implies c = 0, and positive if ju(c*c) > for all c G C. Assume 
that /j is positive. Then ^ is *-linear, because positivity of §((b + c)* (b + c)) and ty((b + ic)*(b + 
ic)) implies f*{b*c) = §(c*b) for all b,c G C, and faithful as soon as fi(c*c) 7^ whenever c ^ 0. 

1.5.1. Definition. A //near map : B — >■ C is quasi-invariant with respect to T if for each y G T, 
?/iere ex/sfs some Dy G M(fi) swc/j /j(y(bDy)) = 11(b) for all b G B. 

Let : B — s> C be faithful, positive, and quasi-invariant with respect to T. 

1.5.2. Lemma. Each D y is uniquely determined and self-adjoint, and Dyy = y _1 (Dy)Dy and 
1 = y- 1 (D T i )D y for all y, f G T. 

Proo/ These assertions follow from the fact that (i is faithful and the relations ^i(y(bD*)) = 
fj(y(Dyb*))=]4F)=v(b) ^A^y(i(bD li )))=^b)=^i(bD i ))=^y{i(bD i )D y )). □ 

For later use, we note the relation 

(9) ^(y- 1 {b)c) = Kby(c)D T \ ))) = v(by(cD y )) for all b,c G B,y G T. 
Let (A, A) be a multiplier (B,r)-*-bialgebroid. Define D,D : A —> A by 

(10) D(a) = r(D d -i )a = ar(D^), D(a) = s(D~ d -i )a = as(D^ 1 ) for all a G A. 

1.5.3. Lemma. D and D both are algebra and (B ,T) ev -module automorphisms of A, and satisfy 

(D<§>id)oA = AoD, (id(g)D)oA = AoD, (D®id) o A = (id <§)£>) o A, 
DoD = DoD, SoD = D~ l oS, SoD = D~ l oS, *oD = D~ l o*, *oD = D~ l o*. 

Proof. The maps D and D are bijective because Dy is invertible for each y G T. The remaining 
assertions follow from straightforward calculations, for example, 

D(xy) = r(D 3 - 1 )xy = r^-^D^xy = r(D a _, )xr(D d - l )y = D(x)D(y), 

S(D(x)) = S(r(D^)x) =S(x)s(D- ds(y) ) = D-\S(x)), 

D(x)* = jcV(D*_, ) = x*r{D dx , ) = D _1 (x*) for all x,y G A. □ 

1.5.4. Definition. We call a multiplier (B,F)-Hopf *-algebroid (A,A,e,5) measured if it is 
equipped with a left integral a right integral \\f, and a linear map : B — > C swc/i that 

i) ^ is faithful, positive, and quasi-invariant with respect to T; 

ii) v := ^ o (j) a«<i V -1 := /v o \|/ are faithful, positive, and coincide; 

iii) \|/(A) = B = (|)(A). 

1.5.5. Remarks. i) Given a measured multiplier (B,r)-Hopf *-algebroid as above, the 

maps § and Vf are *-linear. This follows from the fact that n{§{a*)b) = v(a*r(b)) = 
v(r(b*)a) = n(b*§(a)) = (j(<\>(a)*b) for all a G A, b G B and faithfulness of fu, and a 
similar argument for \|/. 
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ii) One could probably drop the assumption v = v~ ! and assume the existence of an invert- 
ible multiplier 8 such that v _1 (a) = v(aS) for all a G A. In our applications, however, 
the stricter assumption above is satisfied. 

Let (A,A,£,S,(|),\(r,ju) be a measured multiplier (B,r)-Hopf *-algebroid. 

1.5.6. Lemma. Let oo g {(j),\]/,v}. 

i) oo(A y y) = whenever (y,Y) / (<?,<?). 

ii) (o(r(b)s(b')a) = (o(ar(b)s(b')) for all a£A, b,b' G B. 

iii) G)(D(a)a') = 0)(aD 1 (a')) and (x)(D(a)a') = oo(aD 1 (a')) for all a,a' GA. 

Proof, i) For CO = V, the assertion follows from the relation ker(j) + ker\|/ C kerv. To obtain the 
assertion for CO = (}>,\|/, use the fact that p. is faithful. 

ii) Let a G A and b,b' G B. Then v(r(b)a) = p.(b<\>(a)) = p.(<\>(a)b) = \{ar(b)) and similarly 
v(s(b')a) = v(as{b')). To obtain the assertion for CO = use the fact that p. is faithful again. 

iii) This follows immediately equation (PTOl) and i). □ 

Combining strong invariance of (() and \|/ with quasi-invariance of p, one finds that the map v = 
po§ has a modular automoiphism and thus satisfies an algebraic variant of the KMS -condition. 
Our proof closely follows OTTl . where the corresponding result was obtained for multiplier Hopf 
algebras. 

Let C be a *-algebra with local units and a faithful, positive, linear map CO : C — > C. A modular 
automorphism for CO is a bijection 6 m : C — » C satisfying co(cc') = (i)(c'Q m (c)) for all c,c' G C. 
The following result is certainly well-known. 

1.5.7. Lemma. If it exists, a modular automorphism Q^for CO is uniquely determined, an algebra 
automorphism, and satisfies CO o 6^ = co and 6 m o * o Q m o * = idc. 

Proof. Use the relations ©(zSq^xv)) = co(xyz) = (o(yzBw{x)) = ^(zBm(x)B m (y)) and io(yx) = 
(0(x*y*) = a(y*Q m {x*)) = co(e M (x*)*y) = a)(yB m (B a (x*)*)), where x,y,z EC. □ 

1.5.8. Theorem. There exists a modular automorphism Qfor v, and this 6 is a (B ,r) ev -module 
automorphism of A. 

Proof. We divide the proof into four steps. 

Step 1. Repeatedly using ©, we find that for all x,x' ,y,y' G A, 

h = dy l => v- 1 (ys(y(xx'))y') = p(y(yy% 1 (vM)) 

(11) = p(y(xx% J (y(yy')D dy ,)) =v- l (xs(y(yy , ))D(x')), 
3, = 3 y ^ v(yr( ¥ (xx'))y) =^((|)(xy / )9y 1 (¥(^ / ))) 

(12) = A< (ay(^(xy / )09/)¥(^ / )) =V- 1 (x^(^(D( 3 ;)y))x / ), 
3 A . = 3; 1 V{yr{${xx'))y') = p(d y (^xx')m y y')) 

(13) = A /(a7 1 (^(yy)Dg- 1 )*(xx / ))=v(xr(^(D(y)y))x / ). 
•Sfe/? 2. Let c, <i G A and 

(14) a = £fi(j(Y(dS(c(2)))c ( i))) GA, a' = £ rf (2) r((|)(D(5(rf (1) ))D(c))) GA. 
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Then the equations above and Proposition 1 1 .4.41 imply 



v- 1 M=Ev- 1 (zD(,( ¥ (^(c (2) )))c (1) )) 
= £v- 1 (^(¥(zc( 1 )))5(c( 2 ))) 
= I>-yr(y(z(i)c))z(2)) 

= ^V-\S(D(d {l) ))r^(d {2) z))c) 

= ^v(S(d {1) )r(^ {2) z))D(c)) 

= ^y(d {2) r(^D(S(d {l) ))D(c)))z)=y(a'z) 



(Equation (flTT) ) 



(Proposition 11.4.41 ) 
(Equation (fill) ) 



(Proposition 11.4.41 ) 



(use SoD = P^oSand lLSH iii)) 
(Equation [T3l) 



Step 3. Using bijectivity of the maps D, S, T\ and the relation (s(\|/(A))A) = A, one finds that 
all elements of the form like a in (PT41) span A. A similar argument shows that the same is true for 
elements of the form like a'. Hence, there exists a bijection 6 : A — > A such that v(az) = v(z6(fl r )) 
for all a G A, and uniqueness of such a bijection follows from faithfulness of v. 

Step 4. We first show that 6 respects the grading. Let c,d € A be homogeneous. Then the 
element a in (fT4l) is homogeneous as well, with grading given by d a = d c and d a = d c i because 
\|/(<i5(c(2))) = unless = 3 C(2) = 3 C(1 ., and similarly a' in (fl4l) is homogeneous with the same 
degree like a. To see that 8 is 5<g>5-linear, use the relation v(yQ(r(b)s(b')x)) = v{r(b)s(b')xy) = 
v(xyr(b)s(b')) = v(yr(b)s(b')Q(x)), where x,y G A and b,b' G B, and faithfulness of v. □ 

Define Q d ,Q d ,Q dC) : A — ^A by 

B D :=eoD _1 =D~ 1 o0, e 5 :=6oD _1 =D _1 o0, 6 DjD := 6oD _1 oD -1 . 

1.5.9. Proposition. i) (j) o0 = (|) and §(xy) = d x (§(y9£>(x))) for all x,y G A. 

ii) \|/o8 = \|/ am? \|/(xy) = 3 v (\|/(;y8 5 (;e)))/or a/Zx,y GA. 

iii) hoQ =h andh(xy) = (d x ®d x )(h(yQ D j)(x))) for all x,y G A jJ/j « a bi-invariant integral 
and V = {n®p)oh. 

Proof. Assertion i) follows from the fact that p. is faithful and that for all x, y G A, ft G B, 



Ai(&Ke(*)))=v(r(&)9(x)) 
Ai(^(y0(*)))=v(r(%e(*)) 



v(;cr(&).y) 



v(r(a jt (ftD 9t ))xr(D a 1 )3;) 



Assertions ii) and iii) follow similarly. 



□ 



1.5.10. Proposition. Assume that A s is a flat B -module. Then AoS^ = (S 2 <g)0 o ) oA 
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Proof. Let;c,;y G A. Using Sweedler notation, we calculate 

£e D (x) (1)J ((|>(ye (x) (2) )) = £SCs(4>(y(2)eD(*)))y ( i)) (Proposition M3) 

= Y,S{s{d- x l (§{xy {i) )))y {l) ) (Proposition MB 

= L%(l) J (<K*y(2)))) 

= Y,S 2 (s{^(x {2) y))x {i) ) (Proposition 

= £S 2 (s(d X{2) (4>(y6D(*(2)))))*(i)) (Proposition Ol) 

= £5 2 (^ (1) )s(^( 3 ;ez ) (x (2) ))). 

Since A s is a flat B-module and maps of the form a h-» <t>(ya)' where j G A, separate the points of 
A, we can conclude £0d(*)(i)®8d(*)(2) = £S 2 (x(i))<8>0d(x(2))- 1=1 

1.6. The dual *-algebra. Let (A, A, e,S, be a measured multiplier (B,r)-Hopf *-algebroid. 

Denote by M(A)' the dual vector space of M{A) and let 

A:= {v(x-) :xGA} CM(A)' 

Then A = {v(— x) : x G A} by Theorem 1 1 . 5 . 8 1 and for each go G A, there exist unique B-module 
maps ,.co: r M(A) — >• B, oo r : M(A) r — > B, v oo: S M(A) — > B, oo v : M(A) S — > B whose composition 
with /Li equals go, because v= i uo(j) = i uo\|/ and /u is faithful. Using either of these B-module 
maps, one can equip A with the structure of a *-algebra. We shall choose an approach that fits 
well with the duality on the operator-algebraic level in the next section. 
First, we define an abstract Fourier transform 

A^A, x^x:=v(,S _1 (x)-). 
Evidently, x r = (|)(S _1 (x) — ). Next, we define for all x,a G A a convolution product 

(15) x*a:=Y,a(i)s{x r {a(2))) = Y,a(i)s(${S~ l (x)ci( 2 ))) G A. 
Using Proposition ll.4.4l and fil), we can rewrite this product in the form 

(16) x*a = £5(5 _1 (x) (1) )r(())(^ 1 (x) (2) a) =£x (2) r(())(^ 1 (x (1) )a)). 

1.6. 1. Lemma. i) The map x i— > x is bijective and (A* A) =A; 

ii) x*s(b)a = r(b)x*a and x*as(b) =xr(b) *afor all x,a £A,b G B; 

iii) x* (y*a) = x*y*afor all x,y,a G A; 

iv) (Ay-i r i) *A 8 /-i 8 -i C 8y gA 8 /-i r i /or a// Y,Y,8,8' G T. 

Proof, i) This follows easily from fact that T\ is bijective and the relation 5 _1 = * oSo *. 
ii) The first equation follows easily. For the second one, use Lemma [T.5.6l ii). 

ii) Let x, y,a G A. Using (fTSl and (fT6l ). we find 

x*(y*a)= £a (1) 5(())(^ 1 (x)y (2) r($(S- 1 (y (1) )a (2) )))) 
= E«(l)j(M^H*)^2)M^ 1 ty(l))fl(2))) 
= LXi)^^ 1 (^(l) 5 ^^ 1 W3 ; (2))))«(2))) = x *y * a. 

iii) By Lemma[T3]6j (Ay-i r i) *A 8 /-i 8 -i ^ ^ 8 „A 8 /-i 8 //5((j)(A Y! yA 8 // i8 -i)) C 8y !8 A 8 /-i r i. □ 

The (B,r) ev -algebra structure on A induces the following structure on A: 
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1.6.2. Definition. A (B,r) ev -matrix-algebra is a non-degenerate *-algebra A equipped with a 
non-degenerate *-homomorphismB®B —>M(A) and a direct sum decomposition A = 0yy e r^'^ 
as a vector space such that 

A** A** c 5y i8 A^ 8 ', (Art)*=A"t>y, (B®B)Art cArt, (A e < e A)=A, 

(b®b')a = (y- l (b')®y(b))a, a(b®b') = a^ 1 ^') ®Y '(b)) 

for all y,y ,8,8' G r, a G A?'' , b,b' G B. Given such an algebra, we write f and sfor the compo- 
sitions B = B (g> 1 -> AT (A) an<i 5 = 1 ® 5 -> M(A), a«<i 8a := y and 8« := Y whenever a G A 77 '. 

1.6.3. Proposition. A carries a structure of a (B ,r) ev -matrix-algebra such that 

i) xy = x*y and x* = S(x*) for all x,y G A; 

ii) f = s(b)x, xf(b) = r(b)x and s(b)x = xs(b), xs(b) = xr(b) for all x £A,b G B; 

iii) A^ = (Ay-i i7 -if for ally, i G T. 

Proof. The multiplication is associative and turns A into a non-degenerate algebra by Lemma 
11.6-ll i). The *-operation is involutive because So * oSo * =id, and anti-multiplicative because 
for all x,y G A, 

5(?)*S(/)=£S(y*) (1) ^(x*S(/) (2) )) 
= E5(r(K^5(^ 1) )))^ 2) ) 
= ^((ypjrC^ 1 (v (1) )*))n = S((y**)*). 
For each b G fi, the formulas in ii) define multipliers r(b),s(b) G M(A) because 
Jc- (r(b)y) = (x*s(b)y) = (r(b)x*y) = (xr(b))y 

and similarly x(s(b)y) = (xs(b))y for all x,y G A by Lemma [T.6.1l ii). The maps f, s: B — > M(A) 
are non-degenerate homomorphisms because r,s : B — > M(A) have the same properties, their 
images evidently commute, and they are involutive because 

(xr(b))* = (s^bjx)* = S{x*s{b*)f = (r(b*)S(x*)f = f(b*)x* 
and similarly (xs(b))* = s(b*)x* for all* G A, b G B. Finally, for all y,i GT, x G Ay-i r i, b eB, 

r(b)x = s^bjx = (xs{y{b))f = s(y(b))x, xf{b) = rQ>jx = (jcr(y»)f = xs(i(b)), 
and using Lemma [T.6.1l iv). one easily verifies that A is (fi,r) ev -matrix-algebra. □ 

1.6.4. Remark. We expect that A carries a natural structure of a (B,r) ev -algebra if A has a 
suitable structure of a (B,r) ev -matrix algebra, and that A carries a natural structure of a (B,T)- 
Hopf *-algebroid if (A, A) additionally is (B,F) ev -bigraded in the sense that 

i) A is the direct sum of the subspaces A^'y := A ■ flAyy, where d,a,y,y G T, and A = 

(Ae'gA); 

ii) A(A^y') C EA^'^Af'J, for all y, Y , 8, 8' G T, where the sum is taken over all a, a', p\ p' G 
r satisfying a[3 = 8 and a'p" = 8'. 
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In that case, £(A 8 - 8 ') = if (8,8') / (e,e) and S(A 8 ' 8 ') C A 5 ' 1,5 1 for all 8,8' G T. Indeed, For 
each 8, 8' G T, denote by /? 8 ' 8 ' : A = © y y A™' A 8 - 8 ' C A the projection, let e' : = £ o p e ' e :A->B, 

and define S' : A — >• A by S' Ls.a' = /? 8 ' 8 °5Ls,8' for all 8, 8' G T. Then one can check that e' is 
a counit and S' an antipode for (A , A) and therefore coincide with £ and S, respectively. 

2. Construction of associated measured quantum groupoids 
Throughout this section, we assume: 

(Al) (A,A,E,S,/7,(|),\|r) is a measured multiplier (B,r)-Hopf *-algebroid. 

We shall construct operator-algebraic completions of this algebraic object in the form of a Hopf 
C*-bimodule, Hopf- von Neumann bimodule and a measured quantum groupoid. Along the way, 
we shall impose further assumptions on B,F,/u,A which were mentioned already in the introduc- 
tion, most notably properness of A. 

The basic idea is to use the GNS -representations for the functional /u on the basis B and the 
functional v on the total algebra A, respectively. Naturally, some restrictions have to be made 
on B,F,/u. To show that v admits a bounded GNS -representation and to lift the comultiplication 
to the level of operator algebras, we use a fundamental unitary. To take full advantage of this 
unitary, we describe its domain and range as relative tensor products, and show that it is a pseudo- 
multiplicative unitary in the sense of ll25l and ll27l . The necessary modules are introduced in 
92.21 and the unitary itself is constructed in 92.31 This part uses Connes' spatial theory ED . and 
the relative tensor product of Hilbert spaces over C* -algebras which was introduced in [23]. The 
fundamental unitary then gives rise to completions of A and A in the form of Hopf C*-bimodules 
and two Hopf-von Neumann bimodules; see 92.4l - 92.61 To obtain the full structure of a measured 
quantum groupoid, we finally extend the integrals (|),\|/ to the level of von Neumann algebras and 
show that these extensions are left or right invariant again in 92.71 

Before we turn to details, let us briefly sketch the construction of the fundamental unitary, 
which we denote by V. Its domain and range can be described as separated completions of the 
relative tensor products A s <S> S A and S A ® r A with respect to the sesquilinear forms given by 

B B 

{x®y)\x!®y') {As ® sA) =v{y*s{\?{x*x'))y'), 

(17) B B b 

{x®y \x' <g> / ) (jA8M) = V (y* r{d x (y (x V )))/). 

B B b 

Note that positivity of these forms is not evident because \|/ is not assumed to be completely 
positive in any sense. Given that positivity, the map 

7i : A S ® S A -> s A® r A, x®y ^ A(x)(l ®y) = Yxm ®xmy, 

B B B B B 

extends to a unitary V on the respective completions because it is surjective by Proposition ll.3.71 
and isometric as shown by the following calculation: 

E<*(i) ®*(2)y|*(i) f *(2)A^frA) = Lv(j*^ 2) (a X(1) r(\|/(^ 1) x' (1) ))y (2) y) 

(18) = £v(yV( ¥ (x5 ) x' (1) ))x^ 2) x , (2) y) 

= v(y*j(v(xV))y) = (x®y\x®y') (As(g>sA) . 

B B B 
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Instead of V, one can equivalently construct and employ another fundamental unitary W 
which is the adjoint of an extension of the map x®y \-> A(y)(x® 1). 

B B 

2.1. Preparations concerning the base. We define an inner product on B by (b\b') := fi(b*b') 
for all b,b' G B, and denote by K the Hilbert space obtained by completion, and by : B — > K 
the canonical inclusion. To proceed, we have to impose the following assumption: 

(A2) For each b G B, the following equivalent conditions hold: 

i) there exists a K > such that p.(c*b*bc) < K/u(c*c) for all c G B; 

ii) there exists an operator % fl {b) G L(K) such that JCp(fe)A^,(c) = A^(bc) for all c G B. 

2.1.1. Remark. To apply the constructions below, it may be useful to first perform a base change, 
similarly as described in |[22l §2], to replace B by an algebra of the form C c (0), where £1 is a 
locally compact space with an action of T. Then condition (A2) is automatically satisfied. For 
example, one can take Q. to be the set of all *-homomorphisms % : B — > C, equipped with the 
weakest topology that makes the function CI — > C, % i-> continuous for each b G B, and 
perform a base change along the canonical map B — > M(C c (Cl)). Note, however, that such a base 
change can not simply be applied to left and right integrals, but only to bi-integrals. 

Assumption (A2) immediately implies the existence of a *-homomorphism Jt^: B — > L{K) 
which can be regarded as a GNS -representation for /u. 

Recall that a Hilbert algebra is a *-algebra with an inner product such that left multiplication 
by each element is bounded, the resulting ^representation is non-degenerate, and the involution 
is pre-closed with respect to the norm induced by the inner product. Since B is commutative, the 
map A^,(B) — > A^(fi) given by A^(fc) i-> A^(b*) extends to an anti-unitary operator on K, and 
hence A^(B) C K together with the *-algebra structure inherited from B is a Hilbert algebra. We 
thus obtain 

• a von Neumann algebra N := Ji^(fi)" C L(K), 

• a n.s.f. weight fionN such that fi(%^(b*b)) = (A^b^A^b)} = n(b*b) for all b £ B, 

• a left ideal 91^ := {x G ./V : ju(x*x) <°°} C Af of square-integrable elements, 

• a closed map A^: 91^ — > such that (A",A^,idjv) is a GNS -representation for p.; this is 
the closure of the map 71^(5) — > A' given by K^b) — > A jU (ft). 

2.2. Various module structures. We define an inner product on A by (fl|a') := v(a*a') for 
all a, a' G A, denote by H the Hilbert space obtained by completion, and by A v : A — > H the 
canonical inclusion. 

2.2.1. Lemma. There exist maps A^, A v ,Aj,Ay : A — > L(K,H) such that for all x,y £A,b£B, 

A+(x)A fl (b)=K(xr(b)), A ef (x)*A v (y)=A fl ^(x*y)), A^(x)* A^{y) = % fl (^(x*y)) , 
Ay(x)A M (b) = A v (xs(b)), Ay(x)*A y (y) = A^(x*y)), A w (x)*A^(y) = n M (y(x*y)), 

Aj(^(fc)=A v (r(%), AjW*A v (y) = A^(yQ(x*))), A}(x)*A}(y) =7t Af («|»CyG(x*))), 

A+W^Cft) = A v (^)x), A{,(x)*A v (),) =A AI (v(y9(x*))) 1 At(x)*A+Cy) =7U /i (x|/(y6(x*))). 

Proof. We only prove the assertions concerning A^ and Al. They follow from the relations 

||A v (at(6))|| 2 =v(r(b)*x*xr(b)) = n{b* §{x* x)b) < \\%,(Mx*x))\\\\A,(b)\\ 2 , 
(A v (y)\A v (xr(b))) = v(y*xr(b)) =fiQ(y*x)b) = (A^x*?))^)) 
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and 

\\A v (r(b)x)\\ 2 = v(x*r{b*b)x) = v(Q-\x)x*r(b*b)) 

= ^(Q- l (x)x*)b*b) < iiA.^fiiTi^e- 1 ^)!!, 

<A v (y)|Av(r(6)x)} = v(y*r(b)x) = v(Q~ l (x)y*r(b)) 

= ^(Q- l (x)y*)b) = (A^iyd^MA^b)), 
which hold for all x,y G A and b G B. □ 
The maps introduced above yield various module structures on H as follows. Let 

(19) ^:=[A (A)], £ ¥ :=[A ¥ (A)], e\ := [aJ(A)], E^ := [A\{A)]. 

We shall use the following concepts introduced in E3l 1251 . A C*-b-module, where b = 
(K, [%n(B)], [n^B)]), consists of a Hilbert space L and a closed subset E C L(K,L) such that 
[EK] = L, [E%u(B)] = E, [E*E] = [n^B)]. Each such C*-b-module gives rise to a normal, 
faithful, non-degenerate representation Pe'-N = k^B)" — > L[L) such that Pe{x)£> = & for all 
x £N,t,<EE. A C*-(b,b)-module is a triple (L,E,F) such that (L,E) and (L,F) are C*-b- 
modules and \p E (%u(B))F] = F and \p F (%f,(B))E] = [E]. 

2.2.2. Lemma. The Hilbert space H is a C*-(b,b)-module with respect to either two of the 
spaces E§,Ey,E^,Ey. The representations a := p £ t, P := p E u 6c := p£ ¥ , [3 := p^ of N on H 
are given by 

a(%n{b))A v (a) = A v (r(b)a), (3(7U jU (fe))A v (a) = A v (s(b)a), 

$(ll M (b))A v (a) = A v (ar(b)), a(n^(b))A v (a) = A v (as(b)) for all b G B,a G A. 

Proof. Let E,F be any two of the spaces listed above. Then [EH] = H and [En^B)] = E because 
{r(B)s(B)Ar(B)s(B)) = A, and [E*E] = [n^B)] because (|)(A) = B = \|/(A). Thus, (#,£) is a 
C*-b-module. The formulas for the associated representations are easily verified. Using these 
formulas and the relation (r(B)s(B)Ar(B)s(B)) = A, one easily checks that [p^Tt^fi))/ 7 ] = F 
and [p F (71^(5) )£] =£. □ 

Recall that a vector in a Hilbert space L is bounded with respect to a normal, non-degenerate 
representation p : N — > L and the weight ^ if the following equivalent conditions hold: 

i) there exists a K > such that ||p(jt)£|| < Kfi(x*x) for all * £ 91^; 

ii) there exists an operator G L(K,L) such that /^""A^.*) = p(*)^ for all jc G 91^. 

The set of all such bounded vectors is denoted by D(L p ,/)). This spaces carries an Af-valued inner 
product (-\-) pfi , given by <C[C>p,p = (R P ^)*R P / for all C,C G D(L p ,/i), and p (^p,#) = 
D(L p ,fi) and 

(20) Ap((qC'>p,p) = *£f = ™f for all T G p(iV)',C,C' G D(L p ,fi). 

2.2.3. Lemma. A V (A) C D(H a ,£i) DD(Hp,fi) nZ)(//g,/j) flD^,^) andforallx,yeA, 

= A H *Kw = A iW' <i) = m*). <l) = a* w. 
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Proof. We shall only prove the assertion concerning a. Let a G A. Then Al(a)A J u(7U // (fc)) = 
A v (r(b)a) = a(% /J (b))A w (a) for all b £ B, and since K^B) is a core for A^, we can conclude 
A^(a)Ap(x) = a(x)A v (a) for all x 6 9^. □ 

The preceding result and Lemma l2.2.1 l imply that for all x, y G A, 

(AvWlAvCy)^ =W / *(«Kye(**))), (AvW|Av(y))p^=^(x|/(j6(^))), 
(2 ' ) (AvWlAvCy))^ = nMx*y)), <A v (x)|A v (y)}^ = n M ^(x*y)). 

2.3. The fundamental unitary. To define the domain and the range of the fundamental unitary, 
we use Connes' relative tensor product of Hilbert modules and the module structures introduced 
above. Connes' original manuscript on the construction remained unpublished; we therefore 
refer to |2D and l24l for details. 

The relative tensor product H g<S>p// is the separated completion of the algebraic tensor prod- 

uct D(H^,ju) ®K($D(Hfi,jLi) with respect to the sesquilinear form given by 

(22) (Wm\Z®Zm') = (m$%rA\n%,£)- 

This Hilbert space can naturally be identified with the separated completions of the algebraic 
tensor products D(H^,p\) (g>H and H <S>D(H^,fl) with respect to the sesquilinear forms given by 

(23) <$®tilS'®Tl , > = (TllP^I^K) and <^r,|^r,') = ^\a(( n \n%^'), 
respectively, via 

(24) $®Rl'% = $®Z®T\ = Rf^®r\, 

and we shall use these identifications without further notice. Replacing the representations a, [3 
by P,a, one obtains the relative tensor product H$® a H. 

To proceed, we shall impose the following simplifying assumption which essentially says that 
the cocycle (Dy) y in M(B) has a positive square root on the algebraic level: 

i 

(A3) There exists a family (Dy ) yer in M(B) such that for all y, Y G T, c G B, 

01=1, (D\r=D], (D|) 2 = D t , D\ i =i-\D\)D}, v{c*d\c)>0. 
Clearly, this condition implies the existence of a unitary representation U:T L{K) such that 

(25) U y A M (c)=A M (y(cD^)), UyTi^bp* =% fi (y(b)) for all b,c G B,y G f\ 
Similarly as in (ITOT >. we define linear maps ,Di : A — > A by 

D?(a)=r(D 1 *_ 1 )a = ar(D~*), Di(a)=s(Dl_ 1 )a = as(D7*) 

Oct a Ofl 

for all a G A. These maps share all the properties of the maps D,D listed in Lemma [T.5.3l Short 
calculations show that for all x,y G A, 

(26) A^x)^-, =Aj(Di(x)), (Av(^W)|A v p'(y)))ajl = Jt„(3x(4»(jc*y))) ) 

(27) A v (x)C/g-, =A;(D5(x)), (A v (D5(x))|A v (Di(y)))p^ = ^(3,( ¥ (x*y))). 
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Indeed, for all x,y G A and b G B, 

A^L^A^) =A v (xr(3-^ 

2.3.1. Lemma. The sesquilinear forms on A s ® V A and S A ® r A defined in (1171 ) are positive. De- 
B B 

note by A s ® V A and V A ® ,A respective separated completions. Then there exist isomorphisms 

B B 



A: A s ® s A^-Hft®*H, x®y H> A v (x) ® A v (y), 

B # B £ 



A': 4 A® r A^//R® a //, x®y A v (D2(x))®A v (j). 

B ,u B # 

Proof. The maps A, A' are surjective because A V (A) C H is dense, and they are well-defined and 
isometric because (1231) . (|2TI ) and (1271 imply for all jcjGA 

(A(x®y)|A(x' ®y')> = v(fs(y{x*x'))y'), 

(A'(*®y)|AV®/)> =v(y*ra(x l /(xV)))y). □ 

2.3.2. Proposition. There exists a unitary V : //g® p// — > Hp® a H such that for all x,y G A, 

£ /> 

(28) V(A v (x)®A v (y)) =£A v (D5(x (1) ))®A v (x (2) y) = £A v (x (1) )®A v (D3(x (2) )y), 

£ £ £ 

(29) V * ( A v (x) ® A v (y ) ) = £ A v (x ( ! ) ) ® A v (5(D- 1 (x (2) ) )y ) £ A v (x ( j } ) ® A v (D 5 (5(x (2) ))y) . 



Proof. This follows from Lemma |2.3.1[ the calculation (fT8l) . and bijectivity and the inversion 
formula for 7\ given in Proposition 1 1.3.71 □ 

Similarly, we obtain a second fundamental unitary W: 

2.3.3. Proposition. There exists a unitary W : Hp® a H — > H a 0^H such that for all x,y G A, 

W*(A v (x) ® A v (y)) = £A v (D3(y (1) )x) ® A v (y (2) ) = £A v (y (1) x) ® A V (D? (y (2) )). 

M V V 

Proof. By Proposition ll.3.71 the formula for W* defines a bijection between dense subspaces of 
the domain and the range. This bijection is isometric because (|26T ) implies for all x,x',y,y' G A 



£(A v (y (1) x)®A v (D5(y (2) ))|A v (y / {1) x')®A v (D5(y ))) ( ff) 

= £(A v (y (1) x)|P((A v (D2(y (2) ))|A v (Di(y (2) ))) a , / ,)A v (y (1) x')) 

= L v (*>(i)^) (<t>(y( 2) y (2 ))))y(i)^) 

= Lv(x*y^ 1) y (1) r((j)(y^ 2) y (2) ))x') 
= v(x*r(^)(yV))x') 

= (A v (x) ® A v (y) | A v (x') ® A v (y' )) ( Ha%H ) • □ 
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2.4. Boundedness of the canonical representations. The first application of the unitary V is to 
show that left multiplication on A and convolution by A extend to representations on the Hilbert 
space H. 

2.4.1. Theorem. There exist *-homomorphisms 7i v : A — > L(H) and X: A — >■ L(H) such that 

(30) JUv(x)A v (y) = A v (xy) for allx, y G A, X(co)A v (y) = A v (co* j)/or a// go € A,j € A. 

The proof of Theorem 12.4.11 involves operators and slice maps of the following form. For 
each £, G D(//g, i u) and r| G D(//p, i u), there exist bounded linear operators 

(31) A5 P : H^H R ®pH, i\'^$®r\', p^ p : // ^H a ®pH, % ^ £'<g)Ti, 
whose adjoints are given by 

(4' p )*(^®TiO = P(^ir)a,/iK, (pf)*(^'^Tl / ) = «((il|il'}p./,)^. 

Likewise, there exist operators xP' a ,p pa : H — > Hp® a H for all £, € D(Hp,jj) and r) G D(H a ,jj) 
which are defined similarly. Using these operators, one defines slice maps 

P,au Tl S.p 



Wtf, *id: L(H n ®pH,Hp® a H) L(H), T ^ Q^ a )*T'k^ 



id*^.^ : L(Hz®pH,Hp® a H) -> T ^ (pf/*)*^ 

for all § G D(^p,/i), € D(ff a ,/i), r| G Tj' G D(Hp,j~i). 

2.4.2. Lemma. Lef x,x',y,)/ G A. Then 

OavWAvM *id)(V)A v (y) = AvM, w/iere a = (r(y(x' (1) e(x*)))x' (2) ) 

= £D-3( x ' (2)r ( ¥ ( x V (1) ))), 
(id*G) AvWjAv(y) )(y)Av(x) = A v (a'*x), w/ierea' = 5(D5(0- 1 (/)/))• 
Proof. By definition of V, 

(^))*™^ 

= £ a( (A v (x) |A V )) Pll u)A v (xj 2) )y) 

= £A v (r( ¥ (x , (1) 6(x*)))D5(x , (2) ) 3 ;) (Equation <ED) 

and 

£D5(r( ¥ (x' (1) e(x*)))x' (2) )=£D-i(r( ¥ (D(x / (1) )6(x*)))x / (2) ) (Lemma[T531) 

= £ZT J (x*x' (1) )x' (2) ) (Proposition E5U) 

= £D-i(x' (2) r( ¥ (xV (1) ))). 
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Moreover, 



(pJTw^Pa^^W = E(p5? W )*(Av(* ( i)) f Av(^(*( 2 ))y)) 



£(3((A v (y)|A v (D3(x (2) )y)) a , / ,)A v (^ 



£A v ( 5 (^)(D5(x (2) )ye(/))x (1) ) (Equation (EB) 

£A v (x (1)5 (3 x - 1 ) (^(x (2) D-5(ye(y*))))) (Lemma[Tl6l) 
£A v (x (1)S (^(D^(e- 1 (y)/)x (2) ))). (Proposition [T53) □ 



Proof of Theorem \2.4.1\ For the elements a and a' of the form in Lemma l2.4.2l the maps A v (j) i-> 
A v (ay) and A v (jc) h-> A v (a' * x) coincide with compositions of bounded operators and therefore 
are bounded. Since elements of the form like a, a' span A, we obtain maps 7t v : A — > L{H) and 
X: A —> L(H) satisfying (f30l ) . Evidently, 7I V is a *-homomorphism. The map X is multiplicative 
because A v (x*(y*z)) = A v ((xy) *z) for all x, y,z G A by Lemma [T.6.1l iii) and Proposition \L63\ 
i), and it is involutive because 

(A v (z)m*)A v ()0) = £v(z*x (2) r(^(5- 1 (^(i))3'))) (Equation (HUl) 

= £^(^(z*x (2) )^(5- 1 (x (1) )y) 

= £v(5(^(z^ 2) x))z^ 1) y) (Proposition (EH 

= v((i(?)* Z )*y) = <Mi*)A v (z)|A v ()0>. □ 

2.5. The Hopf-von Neumann bimodules. We next show that the fundamental unitary V is 
pseudo-multiplicative in the sense of [27 ] and therefore yields two Hopf-von Neumann bimod- 
ules, which are completions of A and A, respectively. First, we need further preliminaries. 

The relative tensor product is functorial so that there exist bounded linear operators S ® T G 

fi 

L{Hu®$H) for all S G a(N)', T G p(JV)', as well as S® T G L(H$® a H) for all S G $(N)', T G 
a(N)', both times given by £, ® r| i-> S£, ® rr|. 

In particular, the commuting representations oc,P,6c,P yield six representations a® id, (3(8) 

id, p ® id,id®a,id®a,id®p of N on //g®p//, and further six representations of N on H$® a H. 

p p p ft p # 

2.5. 1. Lemma. The following relations hold for all x G N: 

V(a(x)®id) = (a(jc) ®id)V, V(P(jc) ®id) = (id®P(x))V, V(p(jc) 8) id) = (p(jt) <g> id)V, 
P // p p p p 

V(id®a(x)) = (S(jc) ® id)V, V(id®a(x)) = (id®a(x))V, V(id<8)p(jt)) = (id®p(x))V. 

£ <" <" £ <" £ 

Proof. This follows immediately from the fact that Jfy(fi) C A/" is weakly dense, the equations 
\, and the formulas for a, P, 6c, p given in Lemma [2.2.2l □ 
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The relative tensor product is associative in a natural sense. The intertwining relations for V 
obtained above imply that all operators in the diagram below are well-defined, 



(32) 



Vl2 V 2 3 

ft ft fi ft ft fi 

V23 Vn 

Ha &> (id ®p) {H$® a H) (#s®p#)(pcx>id) ® a H 

ft fi ft ft fi ft 



where V12 = V (8) id, V23 = id®V, and V13 acts on the first and third tensor factor; see 11271 for 
details. 



2.5.2. Lemma. Diagram (1321 ) commutes, that is, V12V23 = V^VnVn- 
Proof. A short calculation shows that both compositions are given by 

A v (x) (8) A v (y) ® A v (z) i->- V A v (5 2 (x(n )) ® A v (Z)s (xpvym ) ) <8> A v (x (3 )y( 2 )z) 

for all x,y,z € A. □ 
Lemma l2.5.1l and Lemma |2 . 5 . 2 1 immediately imply: 

2.5.3. Theorem. V is a pseudo-multiplicative unitary in the sense of fTH . 
Similarly, one proves: 

2.5.4. Theorem. W is a pseudo-multiplicative unitary in the sense of 11271 

Recall from [26] that a Hopf-von Neumann bimodule over (N,ju) is a von Neumann algebra 
M acting on a Hilbert space L together with faithful, non-degenerate, normal representations 
p,G: N — > M and a non-degenerate, normal *-homomorphism A: M — >■ M a * p M such that 

[p(A / ),a(A r )] = 0, Aop = pig)id, Aoa = id0a, (A c * p id) o A = (id a * p A). 

ft p P 

Here, M c * p M = (M' ®M')' C Z(L ® p L), and A a * p id and id c * p A are suitably defined [ 17 j. 

ft ft ft ft 

2.5.5. Theorem. There exist faithful, normal, non-degenerate *-homomorphisms Ay : K V (A)" — > 
L(H$® a H) and Ay : A,(A)" — s- L(H^^H) such that for all a,x,y £ A, go G A, 

(33) Ay(7iv(fl))(Av(jr)®Av(y)) =y"A v (5'(am)x)®Av(fl(2)y) ) 

i" £ 

(34) &v(A.(a>))(Av(x) ® Av(y)) = £A v (x (1) ) ®A v (j (1) i(w r (i (2) y (2) ))), 

awe? (7lv(A)",a,|3, Ay) and (A,(A)",P,a,Ay) are Hopf-von Neumann bimodules. 

Proof. The pseudo-multiplicative unitary V yields two Hopf-von Neumann bimodules (Ay, a, P, Ay) 
and (Ay, P, a, Ay), where 

Ay = {(00^ *id)(V) : § G D(H^p)g G D(H n ,jj)}" C £(#), Ay : * m- V(x®id)V*, 
Ay = {(id*a> r | iT |/)(V) : r| G D(H a ,fi),r\' G D(Hp,£i)}" C £(#), Ay : y ^ V*(id®y)y, 
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see 0. But by Lemma l2A2l A v = 7t v (A)" and A v = X(A)" ', and for all a,x,y € A, go € A, 
A v (jCv(fl))(A v (jc) ® A v (y)) = £v(JCv(a) ®id)(A v (xm) ® A v (D2(S(x (2) ))y)) 

= yA v (a( 1 )JC( 1 ))(8)A v (D2(a (2) x(2)5(x(3)))y) 
= LA v O (1) x) ® A V (D2 (a (2) )y) 

V P 

and 

A y (X((0))(A v (x) ® A v (y)) = £v*(l ® A,((B))(A V (D* fan)) 8) A v (x (2) y)) 
j" £ i" 

= £y*(A v (D5(x (1) ))(8A v (x (2) y (1) s((0 r (x ( 3 ) y (2) )))) 

= L Ay ( X (l)) ® A v( 5 ( x (2))^(3)3 ; (l)^((Or(x(4)y(2)))) 

= X^A v (jC(i)) ® A v (y (1) j(co r (x( 2 )y( 2 )))). □ 

2.5.6. Remark. Under the identification (l24l) . we have for all a,x,y G A and £ € K 
A v (n v (a)) (A v (x) ® £ ® A v (y)) = £ A v (a (1) x) 8) C7 3 £ (8) A v (a (2) y) . 

2.6. The Hopf C*-bimodules. The fundamental unitaries V and W are regular C* -pseudo-mul- 
tiplicative unitaries in the sense of E51 . and therefore yield Hopf C*-bimodules which are com- 
pletions of A and A. To prove this, we again need some preliminaries concerning the relative 
tensor product in the setting of C*-algebras; for details, see 11231 and 11251 . The construction is 
parallel to the von Neumann-algebraic setting and differs mainly in notation. 

As before, let b = (K, [n^ (B)}, [jfy(fi)]). The relative tensor product H E ^ E \H of the C*-b- 

modules (H,Ey) and (H,Ey) is the separated completion of the algebraic tensor product Zfy® 
KtgtEy with respect to the sesquilinear form given by 

05) (^C®^'®^') = (CKTOftV)?)- 

It can be regarded as a twofold internal tensor product of Hilbert C* -modules and identified with 
certain separated completions E^Q^H and //g © Ey of the algebraic tensor products Ey<g>H and 
H ® El, respectively, such that 

(36) E v ©pH^H Exf ®^H^H di ©El, ^©T|C = £<8> £®T1 = £C©*1- 

Comparing the sesquilinear forms (1221 with (1331) and using (1211) . one finds that there exists an 
isomorphism 

(37) H n ®pH^H E<¥ ® E ^H, A v (x)®^®A v (y) =A v (x)®^®Aj,(y). 

For each £, € Zty, r\ G £1, there exist bounded linear operators 

H^H Ex¥ ® E tH, \r\) 2 : H ^ H E ^ E ;H, Z,'^%©1\. 
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We denote their adjoints by and (rj I2, respectively, and write \Ey)i = {|^)i : £, € E^}, 
\Ey)i = {|i"|) 2 : f\ G et cetera. Comparing with (I3TT ). we see that under the identification 
(EH), = |A v (x))! and p«f (y) = |Atf») 2 for all*,y GA. 

Replacing Ey and Zfy by Ey and one similarly defines the relative tensor product H E f ® E \H 
with a canonical isomorphism <S> F fH = HR<g> a H, and operators |£) 1 , |r|)2 : H — > 

"Kb * ft ' f b h <li 

for all % G El and r\ G #J. 

Thus, V can be regarded as a unitary He J&^H — )■ H w t® e tH. To show that it is a C*-pseudo- 



multiplicative unitary in the sense of [25], we only need to prove: 

2.6.1. Proposition. The following equalities of subspaces of L(H ,H £ t <S> E tH) hold: 

V[\El) 2 El] = V[\Ey) Y El] = [\El) 2 Ey], 

H|£ ¥ )i£ v ] = i\El)^ V[\El) 2 El] = [|£j) 2 £j]. 

The proof uses the following straightforward result: 

2.6.2. Lemma. For all x,x' ,y,y' GAand p G {oc,p\p}, p' G {oc,6c,[3}, 

A v (x) ® AvW € D((# s ® p //) p ^), /? A ; w?AvW = Pa; P w <: w = \A w (y)) 2 R™ x) , 

A v (x') ® A v (/) € D((tf plaff)**/,*), ^)l v( y) = ^CO*£w = M*)>l<M" 

Proof of Proposition \2.6.1\ We only prove the first equation; the others follow similarly: 

p®id,# 

V[\El) 2 El] = [{VRj : CO G A V (A) ® A V (A)}] (Lemma HE2 and (I2T3T) ) 

id(g>p,# 

= [{/?vb :C0GA v (A)®A v (A)}] (Lemma|23j} 

/« 

id®p„u 

= [{Rj : co' G A V (A) ® A V (A)}] (Definition of V) 

ft 

= (Lemma and [2T3 □ 

2.6.3. Theorem. V jj a C* -pseudo-multiplicative unitary in the sense of 1251 

Proof. This follows from Proposition 12.6. H and Lemma l2.5.2l □ 

2.6.4. Proposition. V jj regular in the sense that [(Ey\iV\Ey) 2 ] = [Et(Et)*] C £(//). 

Proo/ Letx,x',y GA. Then A^(y)A^(x)*A v (x') = A v (j(v(x / 6(x*)))j) and 

P,ct 

i« 

(»A v (.v),Av(-v')* id )( y ) A v(3 ; ) 

£A v (D3(r( ¥ (x' (1) e(x*))y (2) )3;) (Lemma[2A2]> 
£A v ( J (v(x , e(x*) (1) ))D5(5(e(x*) (2) )))y). (Proposition [EH 



(A;W| 1 V|A;(j)) 2 A v (x') = (^ (Y) )>(A v (xO®A v ();)) 
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Since the maps Q,S,D? and T\ are bijections, we can conclude 

[{A^XC*)* :x,y eA}) = [{<A;(*)|iV|A;(y)> 2 gA}]. □ 

2.6.5. Remark. There exist canonical isomorphisms HR® a H = H^^^H and H a ®-sH = 

Hj 7 t i S>e>,H, and with respect to these identifications, W is a regular C*-pseudo-multiplicative 

unitary. The proof is completely parallel to the proof of the corresponding assertions on V. 

Recall from |[25l that a Hopf C* -bimodule over b consists of a C*-(b, b)-module (L,E,F), a 

non-degenerate C*-algebraC C L(L) satisfying p E {% fl (B)) QM(C) and p F (ii M (B)) CM(C), and 

a non-degenerate *-homomorphism Ac: C — > C^k^C that is co-associative and compatible with 

b 

£ and F in a suitable sense, where 

C E * F C = {T £L{L e ®fL)'T\E)x + T*\E)\ C [jF^C] and T|F} 2 + T* |F} 2 C [|F) 2 C]} 

b b 

is the. fiber product of C with itself relative to E and F. 

2.6.6. Theorem. [ti v (A)],A v | [?i(A)],Av| wA)] ) areHopf 
C* -bimodules over b. 

Proof. By [25 ], the regular C* -pseudo-multiplicative unitary V gives rise to two Hopf C* -bimod- 
ules ((H,eI,eI),A v ,A v \ Av ) and ((H,E w ,El),A v , A v \ Ay ), where Ay = [^liV^i] C L{H) 
and Ay = [{El\ 2 V\El) 2 ] C But by Lemma l2A2l Av = [7i v (A)] andAy = [A,(A)]. □ 

2.7. The measured quantum groupoid. To obtain a measured quantum groupoid, we finally 
extend v,((),\|/ to normal, semi-finite, faithful weights on the level of von Neumann algebras. We 
impose the following simplifying assumptions: 
(A4) (A, A) is proper in the sense that r(B)s(B) C A. 

(A5) There exists a net (m/)/ in B such that (71^(1*;)), is a net of positive elements in the unit ball 
of Kfj{B) that converges inM([7l jU (B)]) strictly to 1 and such that (ti^m?)),- is increasing. 

Note that a net as in (A5) exists always if we drop the condition that (^(w?)),- should be 
increasing. 

Let us also note that in the special case where §,y\f and v arise from a bi-integral h on (A, A), 
the extensions of (|>,\|/,v and the invariance of these extensions can be proved quite easily, see 
Remark lTTBI and 12.7.121 

For the extension of V, we do not need the assumptions (A4) and (A5), but use the modular 
automorphism 6 for v obtained in Theorem ll.5.8[ the theory of Hilbert algebras I2T1 . and results 
of Kustermans and van Daele lfT2l . 

2.7.1. Lemma. A V (A) CH is a Hilbert algebra with respect to the *-algebra structure inherited 
from A. 

Proof. The multiplication A v (y) \-t A v (xy) is bounded for each x G A by Theorem 12.4. 1[ and the 
involution A v (x) h-> A v (x* ) is pre-closed because 

(A v (x)|Av(y*)> =v(xV)=v(y*9(x*)) = (A v (y)|A v (e(x*))) for al\x,y e A. □ 
The general theory of Hilbert algebras now yields 

• M = 7t v (A)" C L(H) as the associated von Neumann algebra, 
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• a n.s.f. weight v on M such that v(n v (a*a)) = (A v (a)|A v (a)) = v(a*a) for all a G A, 

• a left ideal 9ty :={j£M: v(x*x) < 00} c M of square-integrable elements, 

• a closed map Ay : 9T V — ^ H such that (//, Av,id^) is a GNS -representation for v; this is 
the closure of the map 7t v (A) — > H given by n v (a) — > A v (a); 

• the usual objects 7y , Ay , G v , % , . . . of Tomita-Takesaki theory. 

The modular automorphism 6 is related to the modular automorphism group a v as follows: 

2.7.2. Proposition. 7t v (A) C % and a^-(7i v (a)) = 7t v (8~" (a)) for all a G A, w G Z. 

Proof. Use the arguments in lfT3l §3], in particular from Lemma 3.16 till Proposition 3.22. □ 

Let A 9 := {a G A : 6(a) = a} C A. Note that by Lemma [T.5.7l and assumption (A4), this space 
is a *-subalgebra and contains r(B)s(B). 

2.7.3. Lemma. i) acts trivially on 7t v (A 9 )", in particular on a(N) and $(N). 
ii) Jva(x)*Jv = P(x) and Jvfi(x)*Jv = a(x)forallx G N. 

Proof, i) The first assertion follows from the fact that of(x) = A|xA^ and A^xAy = x for each 
x G 7t v (A 9 ) by Proposition l2.7.2l and the second assertion follows from the fact that is normal 
for all t G R and acts trivially on % v (r(B)s(B)). 

ii) Combine i) and Lemma [2.2.2l □ 

2.7.4. Proposition. There exist unique n.s.f. weights Tifrom M to a(N) and T^from M to (3(A) 
such that jH o a -1 o Ti = V = Jj o p -1 o Tr. 

Proof. This follows from Lemma IT731 i) and (19J 10.1] or EB IX Theorem 4.18]. □ 
We thus obtain extensions 9 := a -1 o T L and \fr := P^ 1 o T R of 9 and \|/. 

2.7.5. Remark. The weights jj, V,(j),\j/ restrict to strongly regular (C*-valued) weights on 71^(5) 
and 21, respectively, in the sense of Kustermans ifTTTl . On the level of C*-algebras, these exten- 
sions of /j,v,(|),\|/ could have been obtained without using von Neumann algebras by applying 
the inverse KSGNS -construction of Kustermans IfTTTl . 

2.7.6. Remark. Assume that 9 = (id (81/7) o h and \|/ = (jx <g> id) o h for a normalized bi-integral h 
on B. Then the map A^(B) ® A^B) ->• A V (A) given by A^fr) ® A M (b') (-)• A v (r(b)s(b')) extends 
to an isometry 1: K®K — > //, and a short calculation shows that l*7tv(a)l = (71^ ®7i jU )(/i(c?)) for 
all a G A. We therefore get a positive, normal, linear extension h: M — > A ', x (->■ t*xi, of /j, and 
thereby the desired extensions 9" = (id °h, = (fi®fr) °h and V = oh. 

As usual, let 9tr L :={i£M: ?l(x*x) G A 7 } and similarly define OTr*. 

2.7.7. Theorem. Ti and Tr are left- and right-invariant with respect to Ay in the sense that 

§((Xl> a )*A v (x*x)Xl' a ) = {R^yT L {x*x)R^ for all x G G £>(%£), 

^((p5' a )*A v (x*x)pP' a ) = «7r s (/< /or a// x G *fl T „T\ G £>(#«,£). 

2.7.8. Corollary. (N,fi,M, 0C, P, Ay, 7z,,7g,v) w an adapted measured quantum groupoid in the 
sense of H14L 
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To prove Theorem l2.7.7[ we construct increasing approximations of the weights /j, v, \j/ by 
bounded positive maps, using an approximate unit (w,-),- in B with the properties assumed in (A5). 
Let Ufj := r(uj)s(uj) G A, and define for all i,j bounded, normal, positive, linear maps 

Hi '. N—tC, x i y (A iU (w 1 -)|xA iU (w i -)), V/j: M —■ C, x>-> (A v (m/j)|xA. v (w;j)), 

tyij : M xh> A^UijfxA^Uij), : M^N,x^ A ¥ (w, i; )*xA v (m/j). 

Given a net (X K ) K of real numbers, we write (X K ) K /* X if it is increasing and converges to X. 
Likewise, given a von Neumann algebra C with a net (go k )k in and a n.s.f. weight go, we write 
(g>k)k CO if co K (x*x) co(x*x) for all x G C. 

2.1.9. Proposition. The following relations hold: 

WiSp, IV/.;!/.; / v and (uo^.^/Dof (V°Wi,j)i.j / ' Uo ¥ forallX>eN+. 

The proof requires some preparations. We shall focus on the weights v and the case £ 
is quite simple and the case \j/ is similar to the case Recall that an element £, G // is n'g/i?- 
bounded with respect to the Hilbert algebra A V (A) if there exists an operator G £(H) such 
that JUv(«)^ = R^A v (a) for all a G A. Note that then 7?^ G 21'. Let us call £ G // right-contractive 
if £ is right-bounded and ||/Jt [| < 1. Then V is given by 

(38) V (x*x) = sup { | |x£, 1 1 2 | £ G // is right-contractive } for all x G M. 

2.7.10. Lemma. i) /fx G A 6 , then A v (x) G // « right-bounded, R\ v (x) = Jvftv(x)*Jv and 

II^AvWll = ll^vWH- 

ii) //"x G A 9 n r(fi)', f/zerc 7l v (a)A^(x) = R\ Y i x )A^(a) for all a£A. 

hi) If a G A arcc? £, G K is right-bounded with respect to A jU (B), f/zerc A^(a)^ = (3(i?s)A v (a). 

/Voo/ i) For all x G A 9 , a G A, we have 7t v (a)A v (x) = A v (ax) = /y^v (x)*/vA v (a). 
ii)For allxGA 6 nr(fi)',a GA,b G B, 

Tt v (a)A ( | ) (x)A iU (ft) = A v (axr(£>)) = A v (ar(b)x) 

= % v {ar{b))A v {x) = R Av{x) A v (ar(b)) = R Ay{x) A^(a)A fl (b). 

hi) If a G A and £, = A^Z?) for some b G B, then B^ = 7iu(Z?) and A^a)^ = A v (ar(b)) = 

P(7i iU (Z>))A v (a). Now, the assertion follows for all right-bounded £, because A /J (B) is a core for 
A^ and the right-bounded elements coincide with A iS (9I jt -,). □ 

Proof of Proposition 12. 7. 91 We only prove the assertions concerning (V;j);j and (()>/,; )/j; the 
others follow similarly. 

Let := A v (m,j) and := 7?^ = J v ii v (uij)J v for all 1,7. By Lemma 12.7.101 each 

is right-contractive and hence v,-j(x*x) = ||xA v (m/j)|| < v(x*x) for all i,j and all x G M. The 
net (Vjj)/^' in M+ is increasing because (i) (7?* ; 7?/.y)/,y is increasing by assumption on («,)/, 
(ii) V/ J (7t v (a*a)) = A v (a)|| 2 for all a G A, and (hi) 7t v (A) C M is weakly dense. For each 
right-contractive ^ G // and each x G M, 

\\xt,\\ 2 =lim||x7t v (w//)J;|| 2 =Um\\xRtA v (ui M 2 < lim 1 1 jcA v («,- ;)|| 2 = hmv ; j(x*x) 
hi ' U ' hi ' U 

because R^ G M' and B|/?^ < 1. Therefore, v(x*x) < lim i jV i j(x*Jc). 
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A similar argument as above and Lemma [2.7. 101 ii) show that for each x> G Nf, the net (u o 
§u)i,j ls increasing. Taking pointwise limits, we obtain a normal semi-finite weight go from M 
to N such that for each yGM, the element (o(y*y) in the extended positive part N+ is defined by 
U (©()>)) = supt jV(§ij(y*y)) for all \)£iV+ Then for all y G M, 

~ri®(y*y)) \ \\yMHj)M^)\\ 2 = \WM"k))$ij\\ 2 ^ \\&j\\ 2 = v lV (y*y) S*(y*y) 

hi 

and hence Ji o go = v. By (21] Theorem 4.18], CO = <j>. □ 
The next step towards the proof of Theorem l2.7.7l is the following result: 

2.7.1 1. Lemma, ^^afjj,^) = ^" r(6) , ( y 0) P(%(^))/^ aB G B. 

Proof. Applying both sides to A v (a), where a € A is arbitrary, we obtain V(A v (r(fc)j(fe / )) (g) 
A v (r(b")a)) and A v (r(b)s(b")) 0A v (sft')fl), respectively, which coincide. □ 

Proof of Theorem \2. 7. 71 To prove the assertion concerning \j/ and 7}?, we show that 
(39) m({ 9 ^ a YA v (x*x)^ a )Q = ||P0K***))^H 2 

for all x G OTj^, r| G D(H a ,j~i) and £ G X". Given such x,r|, let 

Cij,k ■= (n M (u k )Q\\iij((p^ a )*Av(x*x)p^ a )n^(u k )Q for all i,j,k. 
Then by Proposition 12.7.91 

c Uk ^ (g ¥; - J ((p?- a )*A y (x*x)p^ a )0 / m((p^ a )*A v (x* X )p^ a )Q. 

'J 

On the other hand, 

Cij, k = || (x® l)V*pP' a Aj,( Ml - y -)^("fc)C|| 2 (Definition of Ay and 

= ||(x® ,p(^(^))^q| 2 (Definition of H^ a H) 

= || (x ® l)^f (ua) a(7t A ,( My -))/?5'^H 2 (LemmaimB 

= \\^a(x*x)^a(n,(uj))R^Q\ 2 / MW*x))^%\\ 2 . (PropositionHH 

i,j,k 

Thus, d39l follows. The assertion concerning \j/ and 7}? can be proven similarly, where V has to 
be replaced by the unitary W. □ 

2.7. 12. Remark. Assume that \|/ comes from a normalized bi-integral h as in Lemma [T.4.3l Then 
for each b G B, the map A^B) — > A V (A) given by A /U (c) i-> A v (r(b)s(c)) is bounded with norm 
less than or equal to /u(b*b)?, and therefore extends to an operator Ay(r(b)) G L(K,H). One can 
then approximate \j/ monotonously by the maps : M — >• N, x h4 A l) ,(r(M,))*xA l) ,(r(M ! )), and a 
similar calculation as in Lemma l2.7.1 ll shows that each \|/, is itself right-invariant. 
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Associated to the measured quantum groupoid (N,p,M,a, (3, Ay, 7},, Tr,v) are two fundamen- 
tal unitaries U' H : H^®^H — > H^ a H and Uh '■ H a (g>-xH — )■ H$® a H, characterized by 

ft p ft P ft 

(A& a )*I///(v®Av(a)) =Av((co w ,v*id)(A v )(a)) for all v,w € D(H^,fi),a G OTv HOTti, 
(pJj°r^(A»(fl')®V) =A»((id*avy)(Av)(a')), foraU v>' eD(H a ,fi),a' G 53^ n 

see [14, Proposition 3.17]. 

2.7.13. Proposition. V = U' H and W = Ufa. 

Proof. Let x,y,y',z G A. Using (128T ). (l33l . Equation (1211) and Lemma 12.2.21 we find 

(id*co Av(v)Av(y) )(V>^^ 

= £A v (,( ¥ (x (2) ye(/)))/3i(x (1) )), 

(id*(OA v (,o.Av(.v))( A v(7ivW))A v (z) = £(pA; <X Cy) )*(Av(5i (x (1) )z) |A V ( W ')) 

= £7i v (.( ¥ (x (2) ye(/)))/3i(x (1) ))A v ( z ) 

and hence (id*co Av() , )iAv(y) )(V")A v (x) = Av ((id*(0 Av(3 / )jAv(v) )(Ay(7i v (x)))). Moreover, 
(cOA vW Av(,0* id )( W *) A v(3')=I(^x))*( A v(5'(3'(i)K)|Av(3'(2))) 

= £A v (r(^)(D2(); (1) )x / e(x*)))); (2) ), 

(co AvW , Av(;0 *id)(A y (^ 

= £ 7 t v (r(^(DJ(y (1) ye(x*))))A v (y (2) z) ; 
and hence (cfl AvW)Av( y) *id)(W*)A v (y) = Av(((0 AvWjAv(y) *id)(A v (y))). □ 

Finally, the adapted measured quantum groupoid (A,£,M,a,p\Ay,l£,,7#,v) has an antipode 
5 which is characterized by the following properties: 

i) span{(co VjW *id)(V) : w,v G %j R } is a core for S, 

ii) 5((co WjV *'id)(V)) = (co w , v *id)(V*) for all w,v G ^, TjI , 

where 1^ is the set of all x G M that are analytic with respect to and satisfy a v , G 9Tv n 9T~ fl 
0^7], n9t£ for all z G C. Likewise, one defines %j L . 

2.7.14. Lemma. Ji v (A) C %j r V\%j l . 

Proof. Recall that 7i v (A) C % by Proposition 12.7.21 Using Lemma l2.7.3l i). we find 
a*(7Uv(A)) = o^(7Uv(As(5))) = <(7i v (A))p(^(B)) C C ^ 

for all z G C. Consequently, Jt v (A) C 19 7^. A similar argument shows that 7t v (A) C I9 2^. □ 

2.7.15. Proposition. n v (A) C Dom(,S) a?fci 5(7tv(a)) = K V {D? SD? (a)) for all a G A. 
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Proof. Let x,x' G A and a = £D 2 (x^r^xV^))). Then 

(»A v (.v),Av(.r') * id )( v ) = M ^ (Lemma|2A2]> 
(»A vW AM*id)(r) = ((^ ) )^f w )* 

= £ 7i v (D 2 (^ (2) r *x ( !))))) * (Lemma l2A2l ) 
= £7l v (D5(r( ¥ (x^x'))^ 2) )) 

= £7i v (D5 (S(x' (2) r(\|/(xV (1) ))))) (Proposition E441) 

= 7Uv(Z>2SD2( a )). □ 
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